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EXISTENCE OF A CONJUGATE POINT IN THE
INCOMPRESSIBLE EULER FLOW ON AN ELLIPSOID
TAITO TAUCHI AND TSUYOSHI YONEDA
Abstract. Existence of a conjugate point in the incompressible Euler flow on
a sphere and an ellipsoid is considered. Misio lek (1996) proposed a criterion
(we call M-criterion) which is a reasonable sufficient condition of the existence
of a conjugate point. In this paper, it is shown that any zonal flow (station-
ary Euler flow) does not satisfy M-criterion if the background manifold is a
sphere, on the other hand, some zonal flows satisfy M-criterion if the back-
ground manifold is an ellipsoid (even it is sufficiently close to the sphere). The
conjugate point is created by the fully nonlinear effect of the inviscid fluid flow
with differential geometric mechanism.
1. Introduction
In Jupiter, we can observe stable multiple zonal jet flow, and its mechanism
(which is not well clarified so far) has been attracting many physicists. The in-
compressible 2D-Navier-Stokes equations on a rotating sphere is one of the sim-
plest model of it, and many researchers extensively have been studying this model.
Williams [15] was the first researcher who found that turbulent flow becomes multi-
ple jet flows on such a model. However he was assuming high symmetry to the flow
field. After that Yoden-Yamada [16] and Nozawa-Yoden [11] progressed it further.
In particular, Obuse-Takehiro-Yamada [12] calculated non-forced 2D-Navier-Stokes
flow (without symmetry to the flow field) on a rotating sphere, and observed mul-
tiple zonal jet flows merging with each other and finally, only two or three broad
zonal jets remain. Thus, it seems we need to find a totally different idea to clarify
the existence of stable multiple zonal jet flow in Jupiter (for the recent development
in this study direction, see Sasaki-Takehiro-Yamada [13, 14]).
However, it seems none of study have tried to see the effect of the background
manifold itself. In the above simplest model, the backgroundmanifold is a “sphere”,
but the real Jupiter is not a sphere. It has a perceptible bulge around its equatorial
middle and is flattened at the poles (see [5]). In this paper, we look into the effect
of the background manifold, in particular, clarify the crucial difference between
sphere and ellipsoid. Let us explain more precisely. Misio lek [7] showed Lagrangian
instability of the stationary Euler flow with zero pressure term on a manifold with
non-positive curvature. He proved it by using differential geometric technique,
in particular, using Jacobi field. In this case, solutions to the Euler equations
are geodesics. Note that we can regard negative curvature along geodesics and
(more weakly) non-existence of conjugate point as Lagrangian instability. See also
Nakamura-Hattori-Kambe [10] for the explanation of Lagrangian instability. In this
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study, thus we can regard the existence of a conjugate point as a sort of Lagrangian
stability (for the definition of the conjugate point, see Definition 1). After that,
Misio lek [8] proposed a criterion (we call M-criterion, see (1.3) and (2.11)) which is
a sufficient condition to the existence of a conjugate point. He showed there exists
a conjugate point along a geodesic of the diffeomorphism group Dsµ(T
2) of the 2-
dimensional flat torus T2. Note that the conjugate point is created by the fully
nonlinear effect of the inviscid fluid flow with differential geometric mechanism. In
this paper, we show that any zonal flow (stationary Euler flow) does not satisfy M-
criterion if the background manifold is a sphere, on the other hand, some zonal flows
satisfy M-criterion if the background manifold is an ellipsoid (even it is sufficiently
close to the sphere), in particular, having a bulge around its equatorial middle and
is flattened at the poles.
For the precise statement of our main theorem, we briefly recall the theory of
“diffeomorhphism group” in the context of inviscid fluid flows and M-criterion. See
Section 2 for the detail.
Let (M, g) be a compact n-dimensional Riemannian manifold without boundary.
Write Ds(M) for the group of SobolevHs diffeomorphisms ofM and Dsµ(M) for the
subgroup of Ds(M) consisting volume preserving elements, where µ is the volume
form on M defined by g. If s > n2 + 1, the group D
s(M) can be given a structure
of an infinite-dimensional weak Riemannian manifold [2] and Dsµ(M) is its weak
Riemannian submanifold. This weak Riemannian metric on Dsµ(M) is given by
(V,W )TηDsµ(M)
:=
∫
M
g(V,W )µ,(1.1)
where V,W ∈ TηD
s
µ(M). Here, we identify the tangent space TηD
s
µ(M) of D
s
µ(M)
at a point η ∈ Ds(M) with all Hs sections of the pullback bundle η∗TM of the
tangent bundle TM whose divergence vanish. Then if η(t) is the geodesic with
respect to this metric in Dsµ(M) joining e and η(t0), a time dependent vector field
on M defined by u(t) := η˙(t) ◦ η−1(t) is a solution to the Euler equations on M :
∂tu+∇uu = −grad p t ∈ [0, t0],
div u = 0,(1.2)
u|t=0 = η˙(0),
with a scalar function (pressure) p(t) determined by u(t). In this context, the
existence of conjugate points along a geodesic η on Dsµ(M) corresponds to the
stability of a fluid flow u = η˙ ◦ η−1. We recall that the definition of a conjugate
point.
Definition 1. (Conjugate point.) Let D be a Riemannian manifold and η(t) :=
expp(tV ) a geodesic for some V ∈ TpD, where expp : TpD → D is the exponential
map at p ∈ D. Then we say that η(1) is a conjugate point or conjugate to p along η
if the differential TV expp : TV (TpD)→ Tη(1)D of the exponential map at V is not
bijective. (In the case of dimD =∞, there are two types of conjugate points. See
Remark 4.)
We call the following criterion, which is essentially proved by Misio lek, for exis-
tence of conjugate points M-criterion. Set
(1.3) MCV,W :=
1
(W,W )TeDsµ(M)
(∇V [V,W ] +∇[V,W ]V,W )TeDsµ(M)
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for V,W ∈ TeD
s
µ(M).
Remark 1. If [V,W ] is only C0 class map, we cannot define MCV,W for V,W ∈
TeD
s
µ(M), since we have one more derivative of [V,W ] by∇V . Therefore, we require
V,W ∈ TeD
s
µ(M) for s > 2 +
n
2 , which implies that V and W are C
2 class map by
Sobolev embedding theorem.
Fact 1.1 ([8, Lemmas 2 and 3]). Let M be a compact n-dimensional Riemannian
manifold without boundary and s > 2 + n2 . Suppose that V ∈ TeD
s
µ(M) is a time
independent solution of the Euler equations (1.2) on M and take a geodesic η(t)
on Dsµ(M) satisfying V = η˙ ◦ η
−1 as a vector field on M . Then if W ∈ TeD
s
µ(M)
satisfies MCV,W > 0, there exists a point conjugate to e ∈ D
s
µ(M) along η(t) on
0 ≤ t ≤ t∗ for some t∗ > 0.
Remark 2. This fact is not explicitly stated but essentially proved in [8, Lemmas
2 and 3]. See Section 5 for the proof of the case that dimM = 2. In that section,
we clarify more the meaning of W ∈ TeD
s
µ(M) satisfying MCV,W > 0.
We are ready to state the our main theorems: LetM be a 2-dimensional ellipsoid
or a sphere, more precisely, M = Ma := {(x, y, z) ∈ R
3 | x2 + y2 = a2(1 − z2)} for
some a > 1 (having a bulge around its equatorial middle and is flattened at the
poles) and a = 1 (sphere). We regard M as a Riemannian manifold by the induced
metric g from R3. We say that a vector field V on M is a zonal flow if V has the
following form:
(1.4) V = F (z)(y∂x − x∂y)
for some function F : [−1, 1] → R. In other words, V is a product of a function
F (z) and the flow of the rotation on xy-axis (This flow is nothing more than a
Killing vector field on Ma). Recall that the support of a vector field of V on M is
a closed subset of M defined by the closure of {x ∈M | V (x) 6= 0}.
Theorem 1.2. Suppose s > 3 and a > 1. For any zonal flow V ∈ TeD
s
µ(Ma) whose
support is properly contained in Ma, then there exists W ∈ TeD
s
µ(Ma) satisfying
MCV,W > 0.
On the other hand, in the sphere case, we have the following:
Theorem 1.3. Suppose s > 3. For any zonal flow V ∈ TeD
s
µ(S
2) and any W ∈
TeD
s
µ(S
2), we have MCV,W ≤ 0.
Remark 3. M-criterion itself cannot be necessary condition for ensuring the exis-
tence of a conjugate point. If both V and W are Killing vector fields on a sphere,
then this combination induces the existence of a conjugate point (see Remark 2 in
Section 3 in [8]). Thus it would be important to clarify the relation between these
Killing vector fields and M-criterion.
Since this study is interdisciplinary, we first try to explain differential geometry
step by step, and then finally we prove the main theorems. Therefore, in Section 2,
we briefly recall basic facts and prove some results of the theory of diffeomorphism
group in the context of inviscid fluid flows, and apply these facts to our problem
in Sections 3 and 4. Moreover, we sophisticate the meaning of W ∈ TeD
s
µ(M)
satisfying MCV,W > 0 and prove M-criterion in the case dimM = 2 in Section 5.
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2. Preliminary
In this section, we recall that the theory of diffeomorhphism group in the context
of inviscid fluid flows. Our main references are [2] and [7].
Let (M, g) be a compact n-dimensional Riemannian manifold without boundary
and Ds(M) the group of Sobolev Hs diffeomorphisms of M and Dsµ(M) the sub-
group of Ds(M) consisting volume preserving elements, where µ is the volume form
on M defined by g. If s > 1 + n2 , the group D
s(M) can be given a structure of
an infinite-dimensional weak Riemannian manifold [2] and Dsµ(M) became its weak
Riemannian submanifold (The term “weak” means that the topology induced from
the metric is weaker than that of Ds(M) or Dsµ(M)). This weak Riemannian metric
is given as follows: The tangent space TηD
s(M) of Ds(M) at a point η ∈ Ds(M)
consists of all Hs vector fields on M which cover η, namely, the Hs sections of
the pullback bundle η∗TM . Here TM denotes the tangent bundle of M . Thus for
x ∈M and V,W ∈ TηD
s(M), we have V (x),W (x) ∈ Tη(x)M . Then we define
(V,W )TηDs(M) :=
∫
M
g(V (x),W (x))µ(x).(2.1)
Similarly, TηD
s
µ(M) for η ∈ D
s
µ(M) consists of all H
s divergence-free vector fields
on M which cover η. Therefore the metric (2.1) induces a direct sum:
TηD
s(M) = TηD
s
µ(M)⊕ {(gradf) ◦ η | f ∈ H
s+1(M)},(2.2)
which follows from the fact that the gradient is the adjoint of the negative diver-
gence. We write Pη and Qη for the projection to the first and second component
of (2.2), respectively.
Lemma 1. Let X,Y ∈ TeD
s(M), where e ∈ Dsµ(M) the identity element. Then
we have
(PeX,PeY )TeDs(M) = (PeX,Y )TeDs(M) = (X,PeY )TeDs(M) ,
(QeX,QeY )TeDs(M) = (QeX,Y )TeDs(M) = (X,QeY )TeDs(M) .
Proof. Obvious by (2.2). 
The metric (2.1) also induces the right invariant Levi-Civita connections ∇¯ and
∇˜ on Ds(M) and Dsµ(M), respectively. This is defined as follows: Let V,W be
vector fields on Ds(M). We write Vη ∈ TηD
s(M) for the value of V at η ∈ Ds(M).
Then we have Vη ◦ η
−1,Wη ◦ η
−1 ∈ TeD
s(M), namely, Vη ◦ η
−1 and Wη ◦ η
−1 are
vector fields on M . Moreover, we have Wη ◦ η
−1 is a C1 class vector field on M by
Sobolev embedding theorem and the assumption s > 1 + n2 . Thus we can consider
∇Vη◦η−1Wη ◦ η
−1, where ∇ is the Levi-Civita connection on M . Take a path ϕ on
Ds(M) satisfying ϕ(0) = η and Vη = ∂tϕ(0) ∈ TηD
s
µ(M), then we define
(∇¯VW )η :=
d
dt
(
Wϕ(t) ◦ ϕ
−1(t)
)
|t=0 ◦ η + (∇Vη◦η−1Wη ◦ η
−1) ◦ η.(2.3)
Moreover, if V and W are vector fields on Dsµ(M), we define
(∇˜VW )η := Pη(∇¯VW )η.(2.4)
These definition is independent of the particular choice of ϕ(t). We note that
(∇¯VW )η = (∇¯VW )e ◦η if V andW are right invariant vector fields on D
s(M) (i.e.,
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∇¯ is right invariant). This is because if W is right invariant, or equivalently, if W
satisfies Wη = We ◦ η for any η ∈ D
s
µ(M), the first term of (2.3) vanishes.
Alternatively, ∇¯ on Ds(M) is defined by using the connector on M . This is
accomplished in the following way: Let π : TM →M be the tangent bundle of M ,
π′ : T 2M → TM the second tangent bundle of M , namely, the tangent bundle of
TM . We write K : T 2M → TM for the connector induced from the Levi-Civita
connection ∇ on M . This is defined by K(Z) := (∇XY )pi◦pi′(Z) for Z ∈ T
2M
and any smooth vector fields X,Y on M satisfying TY (Xpi◦pi′(Z)) = Z ∈ T
2M .
Here TY : TM → T 2M is the differential of Y : M → TM . This definition is
independent of the particular choices. LetHs(M,T 2M) be the space of allHs maps
M → T 2M . Then we have T 2Ds(M) = {f ∈ Hs(M,T 2M) | π′ ◦ f ∈ TDs(M)}
and define K¯ : T 2Ds(M) → TDs(M) by K¯(f) := K ◦ f : M
f
→ T 2M
K
→ TM for
f ∈ T 2Ds(M). Finally, we define
∇¯VW := K¯ ◦ TW ◦ V : D
s(M)
V
→ TDs(M)
TW
→ T 2Ds(M)
K¯
→ TDs(M)
for smooth vector fields V and W on Ds(M). This definition of ∇¯ coincides with
the above one.
Moreover, the right invariant Levi-Civita connection ∇¯ induces the curvature
tensor R¯ on Ds(M), which is given by
R¯η(X,Y )Z = (∇¯X∇¯Y Z)η − (∇¯Y ∇¯XZ)η − (∇¯[X,Y ]Z)η
for vector fields X,Y and Z on Ds(M). As in the case of finite-dimensional Rie-
mannian manifold, this is only depending on the values of X,Y and Z at η, in other
words, we can define R¯η(Xη, Yη)Zη for Xη, Yη, Zη ∈ TηD
s(M). Therefore the right
invariance of ∇¯ implies
R¯η(Xη, Yη)Zη =
(
R(Xη ◦ η
−1, Yη ◦ η
−1)(Zη ◦ η
−1)
)
◦ η,
where R is the curvature ofM . Similarly, the right invariant Levi-Civita connection
∇˜ induces the curvature tensor R˜ on Dsµ(M), which is given by
R˜η(Xη, Yη)Zη = (Pe∇XePe∇YeZe − Pe∇YePe∇XeZe − Pe∇[Xe,Ye]Ze) ◦ η,
where Xe = Xη ◦ η
−1. These curvatures R¯ and R˜ are related by the Gauss-Codazzi
equations, which imply
(R¯(X,Y )Z,W ) = (R˜(X,Y )Z,W ) + (Q∇XZ,Q∇YW )− (Q∇Y Z,Q∇XW )
for any vector fields X,Y, Z and W on Dsµ(M).
The geodesic of joining the identity element e ∈ Dsµ(M) and p ∈ D
s
µ(M) can be
obtained from a variational principle as stationary points of the length function:
E(η)t00 =
1
2
∫ t0
0
|η˙(t)|
2
:=
1
2
∫ t0
0
(η˙(t), η˙(t))2Tη(t)Dsµ(M),(2.5)
where η is a curve on Dsµ(M) satisfying η(0) = e and η(t0) = p and we set η˙(t) :=
∂tη(t) ∈ Tη(t)D
s
µ(M). Let ξ(r, t) : (−ε, ε) × [0, t0] → D
s
µ(M) be a two parameter
variation of a geodesic η(t) with fixed end points, namely, it satisfies ξ(r, 0) = η(0),
ξ(r, t0) = η(t0) and ξ(0, t) = η(t) for t ∈ [0, t0]. We sometimes write ξr(t) for ξ(r, t).
Let X(t) := ∂rξ(r, t)|r=0 ∈ Tη(t)D
s
µ(M) be the associated vector field on D
s
µ(M).
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Then the first and the second variations of the above integral are
0 = E′(η)t00 (X) = (X(t0), η˙(t0))Tη(t0)Dsµ(M) − (X(0), η˙(0))Tη(0)Dsµ(M)
−
∫ t0
0
(X(t), ∇˜η˙(t)η˙(t))Tη(t)Dsµ(M)dt,
E′′(η)t00 (X,X) =
∫ t0
0
{(∇˜η˙X, ∇˜η˙X)TηDsµ(M) − (R˜η(X, η˙)η˙, X)TηDsµ(M)}dt.
The reason why the geometry of Dsµ(M) is important is that geodesics in D
s
µ(M)
correspond to inviscid fluid flows onM , which was firstly remarked by V. I. Arnol’d
[1]. This correspondence is accomplished in the following way: If η(t) is the geodesic
on Dsµ(M) (i.e., ∇˜η˙η = 0) joining e and η(t0), a time dependent vector field on M
defined by u(t) := η˙(t) ◦ η−1(t) is a solution to the Euler equations on M :
∂tu+∇uu = −grad p t ∈ [0, t0],
div u = 0,(2.6)
u|t=0 = η˙(0),
with a scalar function (pressure) p(t) determined by u(t). Here gradp (resp. divu) is
the gradient (resp. divergent) of p (resp. u) with respect to the Riemannian metric
g of M . In this context, the existence of conjugate points along a geodesic η
corresponds to the stability of a fluid flow u = η˙ ◦ η−1.
Remark 4. For an infinite-dimensional Riemannian manifold D, there are two types
of conjugate points, monoconjugate and epiconjugate [4]. Let e˜xpη(0) : Tη(0)D → D
be the exponential map of D and η(t) := e˜xpη(0) tV a geodesic for some V ∈ Tη(0)D.
Then we say that η(1) is monoconjugate (resp. epiconjugate) if the differential
TV e˜xpη(0) of the exponential map at V is not injective (resp. not surjective). But
the following fact implies that monoconjugate points and epiconjugate points along
any geodesic on Dsµ(M) coincide in the 2D case.
Fact 2.1 ([3, Theorem 1]). LetM be a compact 2-dimensional Riemannian manifold
without boundary. Then, the exponential map e˜xpe : TeD
s
µ(M)→ D
s
µ(M), which is
induced by the Levi-Civita connection ∇˜, is a nonlinear Fredholm map. More pre-
cisely, for any V ∈ TeD
s
µ, the derivative TV e˜xpe : TV (TeD
s
µ) ≃ TeD
s
µ → Te˜xpe(V )D
s
µ
is a bounded Fredholm operator of index zero.
In order to consider the existence of a conjugate point, we start with the following
proposition, which is proved by Misio lek [8, Lemma 2] in the case of M = T2 : flat
2-dimensional torus. Although Misio lek’s proof can be applied to the case that
M is arbitrary compact n-dimensional manifold without boundary, we prove the
proposition in such case for the sake of completeness.
Proposition 2.2. Let M be a compact n-dimensional Riemannian manifold with-
out boundary and V,W ∈ TeD
s
µ(M). Suppose that s > 2 +
n
2 and that V is a
time independent solution of the Euler equations (2.6) on M . Take a geodesic η(t)
on Dsµ(M) satisfying V = η˙ ◦ η
−1 as a vector field on M and a smooth function
f : [0, t0]→ R satisfying f(0) = f(t0) = 0 for some t0 > 0. Then, we have
E′′(η)t00 (W˜ , W˜ ) = |W |
2
∫ t0
0
(
f˙2 −
f2
|W |2
(∇V [V,W ] +∇[V,W ]V,W )
)
dt,
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where |W |2 := (W,W )TeDsµ(M) and W˜ is a vector field on D
s
µ(M) along η defined
by W˜η(t) := f(t)(W ◦ η(t)) ∈ Tη(t)D
s
µ(M).
Before the proof of this proposition, we need the following three lemmas.
Lemma 2. Let X,Y ∈ TeD
s(M) and W ∈ TeD
s
µ(M). Then, we have
(∇WX,Y )TeDs(M) = −(X,∇WY )TeDs(M).
Proof. By the definition, we have
(∇WX,Y )TeDs(M) =
∫
M
g(∇WX,Y )µ
=
∫
M
{W · (g(X,Y ))− g(X,∇WY )}µ
=
∫
M
g(W, grad g(X,Y ))µ−
∫
M
g(X,∇WY )µ.
Since the first term vanishes by the direct sum (2.2) and divW = 0, we have
(∇WX,Y )TeDs(M) = −
∫
M
g(X,∇WY )µ
= −(X,∇WY )TeDs(M).
This completes the proof. 
Lemma 3. Let V,W ∈ TeD
s
µ(M) and X ∈ TeD
s(M). Then, we have
(∇VW,QeX)TeDs(M) = (∇WV,QeX)TeDs(M).
Proof. Since ∇VW −∇WV = [V,W ], we have
(∇VW,QeX)TeDs(M) =
∫
M
g(∇VW,QeX)µ
=
∫
M
g(∇WV,QeX)µ+
∫
M
g([V,W ], QeX)µ.
The second term vanishes because the direct sum (2.2) and [V,W ] ∈ TeD
s
µ(M).
Thus (∇VW,QeX) = (∇WV,QeX). 
Lemma 4. For any V,W ∈ TeD
s
µ(M) and η ∈ D
s
µ(M), we have
(V,W )TeDsµ(M) = (V ◦ η,W ◦ η)TηDsµ(M)
Proof. By the definition, we have
(V ◦ η,W ◦ η)TηDsµ(M) =
∫
M
g(V (η(x)),W (η(x)))µ(x)
=
∫
M
g(V (x),W (x))µ(η−1(x))
=
∫
M
g(V (x),W (x))µ(x).
Here, the last equality follows from the fact that η is a volume preserving diffeo-
morphism. This complete the proof. 
8 TAITO TAUCHI AND TSUYOSHI YONEDA
Proof of Proposition 2.2. We follow the same strategy in [8, Lemma 2].
The second variation E′′ along W˜ can be expressed as
E′′(η)t00 (W˜ , W˜ ) =
∫ t0
0
{(∇˜η˙W˜ , ∇˜η˙W˜ )− (R˜η(W˜ , η˙)η˙, W˜ )}dt.(2.7)
For the first term, we have
∇˜η˙W˜ = Pη∇¯η˙W˜ = Pη
(
d
dt
(
W˜η ◦ η
−1
)
◦ η + (∇η˙◦η−1W˜ ◦ η
−1) ◦ η
)
= Pη
(
d
dt
(fW ) ◦ η + (∇V (fW )) ◦ η
)
= Pη
(
f˙ · (W ◦ η) + (f∇VW ) ◦ η
)
by (2.3), (2.4). We note that ∇V (fW ) = f∇VW since if we regard fW as a
vector field on M , f is not a function on M but a scalar. Moreover, Pη(W ◦ η) =
(PeW ) ◦ η =W ◦ η implies
∇˜η˙W˜ = (f˙ ·W + f · Pe∇VW ) ◦ η.
Thus, Lemma 4 implies
(∇˜η˙W˜ , ∇˜η˙W˜ )TηDsµ(M) = f˙
2|W |2 + 2f f˙(W,Pe∇VW ) + f
2|Pe∇VW |
2,
where |W |2 := (W,W )TeDsµ(M). The direct sum (2.2) implies (W,Pe∇VW ) =
(W, (Pe +Qe)∇VW ) = (W,∇VW ) by divW = 0. Thus we have (W,Pe∇VW ) = 0
because Lemma 2 implies (W,∇VW ) = −(W,∇VW ). Therefore, we have
(∇˜η˙W˜ , ∇˜η˙W˜ )TηDsµ(M) = f˙
2|W |2 + f2|Pe∇VW |
2(2.8)
= f˙2|W |2 + f2(∇VW,Pe∇VW )
by Lemma 1. For the second term of (2.7),
(R˜η(W˜ , η˙)η˙, W˜ )TηDsµ(M) = (R˜η(f · (W ◦ η), (V ◦ η))(V ◦ η), f · (W ◦ η))TηDsµ(M)
= f2(R˜e(W,V )V,W )TeDsµ(M).(2.9)
The Gauss-Codazzi equations imply
(R¯e(W,V )V,W ) = (R˜e(W,V )V,W ) + (Qe∇WV,Qe∇VW )− (Qe∇V V,Qe∇WW ).
Thus, by Lemmas 1, 2 and 3, we have
(R˜e(W,V )V,W ) = (R¯e(W,V )V,W )− (∇WV,Qe∇VW ) + (Qe∇V V,∇WW )
= (∇W∇V V −∇V∇WV −∇[W,V ]V,W )
−(∇VW,Qe∇VW ) + (Qe∇V V,∇WW ).
CONJUGATE POINT IN THE EULER FLOW 9
Because V is a time independent solution of (2.6), in other words, Qe∇V V = ∇V V ,
we have
−(R˜e(W,V )V,W ) + (∇VW,Pe∇VW )(2.10)
= −(∇W∇V V −∇V∇WV −∇[W,V ]V,W ) + (∇VW,∇VW )− (∇V V,∇WW )
= −(∇W∇V V −∇V∇WV −∇[W,V ]V,W )− (∇V∇VW,W ) + (∇W∇V V,W )
= −(−∇V∇WV −∇[W,V ]V,W )− (∇V∇VW,W )
= −(−∇V∇WV +∇V∇VW −∇[W,V ]V,W )
= −(∇V [V,W ]−∇[W,V ]V,W )
= −(∇V [V,W ] +∇[V,W ]V,W ).
Here we used Lemma 2 in the second equality. Therefore, by (2.8), (2.9) and (2.10),
we have
E′′(η)t00 (W˜ , W˜ ) =
∫ t0
0
(
f˙2|W |2 + f2
(
(∇VW,Pe∇VW )− (R˜e(W,V )V,W )
))
dt
=
∫ t0
0
(
f˙2|W |2 − f2(∇V [V,W ] +∇[V,W ]V,W )
)
dt
= |W |2
∫ t0
0
(
f˙2 −
f2
|W |2
(∇V [V,W ] +∇[V,W ]V,W )
)
dt.
This completes the proof. 
From the above lemma, we can naturally extract the key value MCV,W :
(2.11) MCV,W :=
1
|W |2
(∇V [V,W ] +∇[V,W ]V,W )
for W ∈ TeD
s
µ(M) and a time independent solution V ∈ TeD
s
µ(M) of the Euler
equations (2.6) on M . We call MCV,W “Misio lek-criterion” (M-criterion). This
value is the crucial in this paper, since MCV,W > 0 ensures the existence of a
conjugate point (see Fact 1.1 and Corollary 5.4). We note that MCV,W = MCV,cW
for any c ∈ R. Moreover, it is obvious thatMCV,V = 0. ThusMCV,∗ : TeD
s
µ(M)→
R should be defined on S(V ⊥) := {W ∈ TeD
s
µ(M) | |W | = 1, (V,W ) = 0}, which
can be regarded as the space of the directions of variations of V .
Corollary 2.3. Let M be a compact n-dimensional Riemannian manifold without
boundary and s > 2+ n2 . Suppose that V ∈ TeD
s
µ(M) is a time independent solution
of the Euler equations (2.6) on M and that W ∈ TeD
s
µ(M) satisfies MCV,W > 0.
Take a geodesic η(t) on Dsµ(M) satisfying V = η˙ ◦ η
−1 as a vector field on M and
k ∈ R>0. Define
tV,W,k := π
√
k
MCV,W
, fV,W,k(t) := sin
(
t
√
MCV,W
k
)
,
W˜ kη(t) := fV,W,k(t)(W ◦ η(t)) ∈ Tη(t)D
s
µ(M).
Then we have
E′′(η)
tV,W,k
0 (W˜
k, W˜ k) = π|W |2(1 − k)
√
MCV,W
k
.
In particular, if k > 1 we have E′′(η)
tV,W,k
0 (W˜
k, W˜ k) < 0 and if k = 1 we have
E′′(η)
tV,W,k
0 (W˜
k, W˜ k) = 0.
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Proof. Proposition 2.2 implies
E′′(η)
tV,W,k
0 (W˜
k, W˜ k)
= |W |2
∫ tV,W,k
0
(
f˙2V,W,k −MCV,W f
2
V,W,k
)
dt
= |W |2
∫ pi√ k
MCV,W
0
MCV,W
(
1
k
cos2
(
t
√
MCV,W
k
)
− sin2
(
t
√
MCV,W
k
))
dt
= MCV,W |W |
2
∫ pi
0
(
1
k
cos2 x− sin2 x
)√
k
MCV,W
dx
= π|W |2(1− k)
√
MCV,W
k
.
This completes the proof. 
3. Rotationally symmetric manifold with positive curvature
In this section, we apply the results in Section 2 to the case that M is a compact
2-dimensional rotationally symmetric manifold with positive curvature, which is
defined in the next paragraph. Our main background manifold is a sphere or an
ellipsoid.
For a smooth positive even function a : (−b, b) → R for some b > 0 satisfying
limr→b a(r) = 0, define a curve γ : (−b, b)→ R
2 by γ(r) := (a(r), r). Reparametriz-
ing γ(r), we get the curve c(r) = (c1(r), c2(r)) defined on some open interval
(−d, d) =: Id such that the length of c˙(r) := (c˙1(r), c˙2(r)) := (
d
dr cr(t),
d
dr c2(r))
is equal to 1 for any r ∈ Id. Define a smooth function φ : Id × Ipi → R
3 by
φ(r, θ) := (c1(r) cos θ, c1(r) sin θ, c2(r)) and M
′ := {φ(r, θ) | r ∈ Id, θ ∈ Ipi} ⊂ R
3.
Suppose that limr→d c˙1(r) = 0, then the closure M of M
′ does not have singular-
ities. Thus M has the natural submanifold structure of R3. We regard M as a
Riemannian manifold with metric gM induced by the usual metric gR3 of R
3. We
call such Riemannian manifold M rotationally symmetric manifold with positive
curvature. The pull-back g := φ∗gM of the Riemannian metric gM of M satisfies
g11 = 1, g12 = g21 = 0 and g22 = c1(r)
2, where the index 1 is corresponding to r
and 2 is corresponding to θ, namely, g11 = g(∂r, ∂r), g12 = g(∂r, ∂θ), etc. We note
that C(r) := c1(r) is a positive even function by the definition.
For a time dependent vector field u and a time dependent scalar valued function
p, the Euler equations of an incompressible and inviscid fluid on M are as follows:
∂tu+∇uu = −grad p t ≥ 0,
div u = 0,(3.1)
u|t=0 = u0,
where grad p (resp. divu) is the gradient (resp. divergent) of p (resp. u) with respect
to gM and ∇ is the Levi-Civita connection of gM . In the local coordinates, these
are given by
grad p = ∂rp∂r + C
−2∂θp∂θ,
div u = (∂r + C
−1∂rC)u
(1) + ∂θu
(2),
where u = u(1)∂r + u
(2)∂θ.
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Recall that we call a vector field V on M a zonal flow if V has the following
form:
(3.2) V = F (r)∂θ
for some function F : Id → R. See also (1.4). Take a geodesic η(t) of D
s
µ(M) such
that
η˙(t) ◦ η−1(t) = V
as a vector field on M . Because V is a time independent solution of (3.1), we
have η(t) = e˜xpe(tV ). We now compute the M-criterion, namely, MCV,W :=
1
(W,W ) (∇V [V,W ] +∇[V,W ]V,W ).
Proposition 3.1. Let s > 3 and V ∈ TeD
s
µ(M) a zonal flow. For W ∈ TeD
s
µ(M),
we have(
∇[V,W ]V +∇V [V,W ],W
)
=
∫ d
−d
∫ pi
−pi
F 2C
(
−
(
∂θW
(1)
)2
− C2
(
∂rW
(1)
)2
+
(
(∂rC)
2
− C∂2rC
)(
W (1)
)2)
dθdr,
where V = F (r)∂θ and W = W
(1)∂r +W
(2)∂θ.
Proof of Proposition 3.1. Recall that the index 1 is corresponding to r and 2 is
corresponding to θ. Let Γkij (1 ≤ i, j, k ≤ 2) be the Christoffel symbols, which is
given by
(3.3) Γkij =
1
2
(
gk1(∂igj1 + ∂jgi1 − ∂1gij) + g
k2(∂igj2 + ∂jgi2 − ∂2gij)
)
.
Here we write g−1 = (gij) for the inverse of g. In our setting, we have
Γ122 = −C∂rC, Γ
2
12 =
∂rC
C
, Γ221 =
∂rC
C
.
The other symbols are zero. Then, by the definition, we have
∇vw =
∑
k
vw(k) +∑
ij
Γkijv
(i)w(j)
 ∂k
for v =
∑
i v
(i)∂i and w =
∑
j w
(j)∂j .
By direct calculation, we have
[V,W ] =
[
F∂θW
(1)
]
∂r +
[
F∂θW
(2) −W (1)∂rF
]
∂θ
=: [V,W ](1)∂r + [V,W ]
(2)∂θ.
Also, we have
∇[V,W ]V =
[
Γ122[V,W ]
(2)F
]
∂r
+
[
[V,W ](1)∂rF + Γ
2
12[V,W ]
(1)F
]
∂θ,
∇V [V,W ] =
[
F∂θ[V,W ]
(1) + Γ122F [V,W ]
(2)
]
∂r
+
[
F∂θ[V,W ]
(2) + Γ221F [V,W ]
(1)
]
∂θ.
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These imply
∇[V,W ]V +∇V [V,W ](3.4)
=
[
F∂θ[V,W ]
(1) + 2Γ122F [V,W ]
(2)
]
∂r
+
[
[V,W ](1)∂rF + F∂θ[V,W ]
(2) + 2Γ221F [V,W ]
(1)
]
∂θ
=
[
F 2∂2θW
(1) + 2Γ122F (F∂θW
(2) −W (1)∂rF )
]
∂r
+
[
F∂θW
(1)∂rF + F (F∂
2
θW
(2) − ∂θW
(1)∂rF ) + 2Γ
2
21F
2∂θW
(1)
]
∂θ
=
[
F 2
(
∂2θW
(1) + 2Γ122∂θW
(2)
)
− 2Γ122W
(1)F∂rF
]
∂r
+
[
F 2
(
∂2θW
(2) + 2Γ221∂θW
(1)
)]
∂θ.
Then we have(
∇[V,W ]V +∇V [V,W ],W
)
=
∫
M
([
F 2
(
∂2θW
(1) + 2Γ122∂θW
(2)
)
− 2Γ122W
(1)F∂rF
]
W (1)g(∂r, ∂r)
+
[
F 2
(
∂2θW
(2) + 2Γ221∂θW
(1)
)]
W (2)g(∂θ, ∂θ)
)√
det(gij)drdθ
=
∫
M
([
F 2
(
∂2θW
(1) + 2Γ122∂θW
(2)
)
− 2Γ122W
(1)F∂rF
]
W (1)
+
[
F 2
(
∂2θW
(2) + 2Γ221∂θW
(1)
)]
W (2)C2
)
Cdrdθ
=
∫
M
(
F 2W (1)∂2θW
(1) + 2F 2Γ122W
(1)∂θW
(2) − Γ122
(
W (1)
)2
∂r(F
2)
+F 2C2W (2)∂2θW
(2) + 2F 2Γ221C
2W (2)∂θW
(1)
)
Cdrdθ
=
∫
M
(
F 2CW (1)∂2θW
(1) − 2F 2C2∂rCW
(1)∂θW
(2) + C2∂rC
(
W (1)
)2
∂r(F
2)
+F 2C3W (2)∂2θW
(2) + 2F 2C2∂rCW
(2)∂θW
(1)
)
drdθ.
Applying Stokes theorem to the first, fourth, and fifth terms, we have
=
∫
M
(
− F 2C
(
∂θW
(1)
)2
− 2F 2C2∂rCW
(1)∂θW
(2) + C2∂rC∂r(F
2)
(
W (1)
)2
−F 2C3
(
∂θW
(2)
)2
− 2F 2C2∂rCW
(1)∂θW
(2)
)
drdθ
=
∫
M
(
− F 2C
(
∂θW
(1)
)2
− 4F 2C2∂rCW
(1)∂θW
(2) + C2∂rC∂r(F
2)
(
W (1)
)2
−F 2C3
(
∂θW
(2)
)2)
drdθ.
Recall that
divW = ∂rW
(1) + C−1∂rCW
(1) + ∂θW
(2).
CONJUGATE POINT IN THE EULER FLOW 13
Thus, divW = 0 implies
=
∫
M
(
− F 2C
(
∂θW
(1)
)2
+ 4F 2C2∂rCW
(1)
(
∂rW
(1) + C−1∂rCW
(1)
)
+C2∂rC∂r(F
2)
(
W (1)
)2
− F 2C3
(
∂rW
(1) + C−1∂rCW
(1)
)2 )
drdθ
=
∫
M
(
− F 2C
(
∂θW
(1)
)2
+ 4F 2C2∂rCW
(1)∂rW
(1)
+4F 2C (∂rC)
2
(
W (1)
)2
+ C2∂rC∂r(F
2)
(
W (1)
)2
−F 2C3
(
∂rW
(1)
)2
− 2F 2C2∂rCW
(1)∂rW
(1) − F 2C(∂rC)
2
(
W (1)
)2)
drdθ.
This is equal to
=
∫
M
(
− F 2C
(
∂θW
(1)
)2
− F 2C3
(
∂rW
(1)
)2
+
(
4F 2C2∂rC − 2F
2C2∂rC
)
W (1)∂rW
(1)
+
(
4F 2C (∂rC)
2 + C2∂rC∂r(F
2)− F 2C (∂rC)
2
)(
W (1)
)2)
drdθ
=
∫
M
(
− F 2C
(
∂θW
(1)
)2
− F 2C3
(
∂rW
(1)
)2
+
(
2F 2C2∂rC
)
W (1)∂rW
(1)
+
(
3F 2C (∂rC)
2
+ C2∂rC∂r(F
2)
)(
W (1)
)2)
drdθ.
Applying the Stokes theorem to the term C2∂rC∂r(F
2)
(
W (1)
)2
, we have
=
∫
M
(
− F 2C
(
∂θW
(1)
)2
− F 2C3
(
∂rW
(1)
)2
+
(
2F 2C2∂rC − 2F
2C2∂rC
)
W (1)∂rW
(1)
+
(
3F 2C (∂rC)
2
− 2F 2C(∂rC)
2 − F 2C2∂2rC
)(
W (1)
)2)
drdθ
=
∫
M
(
− F 2C
(
∂θW
(1)
)2
− F 2C3
(
∂rW
(1)
)2
+
(
F 2C (∂rC)
2
− F 2C2∂2rC
)(
W (1)
)2)
drdθ
=
∫ d
−d
∫ pi
−pi
(
− F 2C
(
∂θW
(1)
)2
− F 2C3
(
∂rW
(1)
)2
+
(
F 2C (∂rC)
2
− F 2C2∂2rC
)(
W (1)
)2)
dθdr.(3.5)
This completes the proof. 
Recall that MCV,W :=
1
|W |2 (∇[V,W ]V + ∇V [V,W ],W ). For the existence of
W ∈ TeD
s
µ(M) satisfying MCV,W > 0, we have the following:
14 TAITO TAUCHI AND TSUYOSHI YONEDA
Proposition 3.2. Suppose s > 3 and (∂rC)
2
− C∂2rC > 1. Then for any zonal
flow V ∈ TeD
s
µ(M) whose support is properly contained in M , there exists W0 ∈
TeD
s
µ(M) satisfying MCV,W0 > 0.
Remark 5. We can easily relax the condition on V . However we omit its detail
here, since we would like to keep the simple statement.
Proof. Set ǫ(r) :=
√
(∂rC)
2
− C∂2rC − 1 and write V = F (r)∂θ . The assumption
of the support of V implies that the support of F is properly contained in Id. Define
W0 ∈ TeD
s
µ(M) by
W0 := h sin θ∂r +
(
∂rh+ hC
−1∂rC
)
cos θ∂θ
for some smooth bounded real valued function h = h(r) on r ∈ Id. If ∂rh(r) is also
bounded on r ∈ Id, W0 defines a vector field on M . By direct calculation, we have
divW0 = 0, ∂θW
(1)
0 = h cos θ and ∂rW
(1)
0 = ∂rh sin θ. Thus, by Proposition 3.1,(
∇[V,W0]V +∇V [V,W0],W0
)
=
∫ d
−d
∫ pi
−pi
−F 2C
((
∂θW
(1)
0
)2
+ C2
(
∂rW
(1)
0
)2
−
(
1 + ǫ2(r)
) (
W
(1)
0
)2)
dθdr
=
∫ d
−d
∫ pi
−pi
−F 2C
(
(h cos θ)
2
+ C2 (∂rh sin θ)
2
− (1 + ǫ2) (h sin θ)
2
)
dθdr
=
∫ d
−d
−F 2C
∫ pi
−pi
(
h2(cos2 θ − sin2 θ − ǫ2 sin2 θ) + C2(∂rh)
2 sin2 θ
)
dθdr
=
∫ d
−d
−F 2Cπ
(
− h2ǫ2 + C2(∂rh)
2
)
dr
= π
∫ d
−d
F 2C
(
h2ǫ2 − C2(∂rh)
2
)
dr.
The assumption of F implies that there exists smooth bounded real valued function
h = h(r) on r ∈ Id satisfying ∂rh = 0, h 6= 0 on the support of F and ∂rh(r) <∞
on r ∈ Id. For such h, the last term of the above equality is positive. This completes
the proof. 
Remark 6. The proof of Proposition 3.2 implies that #{W ∈ S(V ⊥) | MCV,W =
MCV,W0} =∞, where S(V
⊥) := {W ∈ TeD
s
µ(M) | |W | = 1, (V,W ) = 0}.
Corollary 3.3. Suppose that s > 3 and (∂rC)
2
− C∂2rC > 1. Then for any zonal
flow V ∈ TeD
s
µ(M) whose support is properly contained in M , there exists a point
conjugate to e ∈ Dsµ(M) along η(t) = e˜xpe(tV ) on 0 ≤ t ≤ t
∗ for some t∗ > 0.
Proof. It is obvious by Fact 1.1 and Proposition 3.2. 
4. The main theorems: ellipsoid and sphere cases
In this section, we investigate the case that M is a 2-dimensional ellipsoid and a
sphere, more precisely, M =Ma := {(x, y, z) ∈ R
3 | x2 + y2 = a2(1− z2)} for some
a > 1 (having a bulge around its equatorial middle and is flattened at the poles)
and a = 1 (sphere).
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Let Ea := {(x, z) ∈ R
2 | x2 = a2(1 − z2)} be a ellipse in R2 and ℓ the arc
length of E. Set d := ℓ/4 and Take a curve c(r) : Id := (−d, d) → E satisfying
limr→−d c(r) = (0,−1), limr→d c(r) = (0, 1), c1(r) > 0 and |c˙(r)| = 1 on r ∈ Id,
where c(r) = (c1(r), c2(r)).
Then we define φ(r, θ) : Id×Ipi →Ma by φ(r, θ) := (c1(r) cos θ, c1(r) sin θ, c2(r)).
The pull-back g := φ∗gMa of the Riemannian metric gMa satisfies g11 = 1, g12 =
g21 = 0 and g22 = c1(r)
2, where the index 1 is corresponding to r and 2 is
corresponding to θ, namely, g11 = g(∂r, ∂r), g12 = g(∂r, ∂θ), etc. We note that
C(r) := c1(r) is a positive even function by the definition.
Therefore we apply the results of Section 3 to the ellipsoid case. For this purpose,
we firstly show the following:
Proposition 4.1. If a > 1, then (c˙1)
2 − c1c¨1 − 1 > 0.
Proof. Recall that Ea := {(x, z) ∈ R
2 | x2 = a2(1−z2)}. We note that the gradient
of the function x2 − a2(1− z2) is equal to 2x∂x +2a
2z∂z. Therefore x∂x + a
2z∂z is
a normal vector field of Ea. Thus −a
2z∂x + x∂z is tangent to Ea. This implies
(c˙1, c˙2) =
1√
c21 + a
4c22
(−a2c2, c1).
Thus we have
c¨1 =
−a2√
c21 + a
4c22
c˙2 + (−a
2c2)
(
−
1
2
)
2c1c˙1 + 2a
4c2c˙2
(c21 + a
4c22)
3
2
=
−a2√
c21 + a
4c22
c1√
c21 + a
4c22
+ a2c2
c1(−a
2c2) + a
4c2c1
(c21 + a
4c22)
2
=
−a2c1(c
2
1 + a
4c22)
(c21 + a
4c22)
2
+
−a4c1c
2
2 + a
6c1c
2
2
(c21 + a
4c22)
2
=
−a2c31 − a
4c1c
2
2
(c21 + a
4c22)
2
.
Therefore
(c˙1)
2 − c1c¨1 − 1 =
a4c22(c
2
1 + a
4c22)
(c21 + a
4c22)
2
− c1
−a2c31 − a
4c1c
2
2
(c21 + a
4c22)
2
−
c41 + 2a
4c21c
2
2 + a
8c42
(c21 + a
4c22)
2
=
(a2 − 1)c41
(c21 + a
4c22)
2
.
This and the assumption a > 1 imply the proposition. 
We now recall the first main theorem:
Theorem 1.2. Let s > 3 and Ma := {(x, y, z) ∈ R
3 | x2 + y2 = a2(1 − z2)} be an
ellipsoid with a > 1. For any zonal flow V ∈ TeD
s
µ(M) whose support is properly
contained in Ma, there exists W ∈ TeD
s
µ(M) satisfying MCV,W > 0.
Proof. This is a consequence of Corollary 3.3 and Proposition 4.1 by C(r) = c1(r).

Now we investigate the case that M is a 2-dimensional sphere, namely, the a = 1
case. Therefore we have M := M1 = {(x, y, z) ∈ R
3 | x2 + y2 = (1 − z2)} = S2,
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d = pi2 and C(r) := cos r. By Proposition 3.1, we have(
∇[V,W ]V +∇V [V,W ],W
)
=
∫
M
−F 2C
((
∂θW
(1)
)2
+ C2
(
∂rW
(1)
)2
−
(
(∂rC)
2
− C∂2rC
)(
W (1)
)2)
dθdr
=
∫
M
−F 2C
((
∂θW
(1)
)2
+ C2
(
∂rW
(1)
)2
−
(
sin2 r + cos2 r
) (
W (1)
)2)
dθdr
=
∫ pi/2
−pi/2
∫ pi
−pi
−F 2C
((
∂θW
(1)
)2
+ C2
(
∂rW
(1)
)2
−
(
W (1)
)2)
dθdr.
Also we now recall the second main theorem:
Theorem 1.3. Suppose s > 3. For any zonal flow V ∈ TeD
s
µ(S
2) and any W ∈
TeD
s
µ(S
2), we have MCV,W ≤ 0.
Proof. By Sobolev embedding theorem, W (1) and W (2) are in C2 class (see Re-
mark 1). Thus, we can consider the Fourier series of W
(j)
r (θ) := W (j)(r, θ) =∑
k∈Z w
(j)
k (r)e
ikθ for j ∈ {1, 2}, where w
(j)
k (r) =
∫ pi
−piW
(j)(r, θ)e−ikθdθ. By Lebesgue’s
dominated convergence theorem, we easily see w
(1)
k (r) and w
(2)
k (r) are, at least, in
C1 class. We note that w
(1)
k (r) = w
(1)
−k(r) because W
(1) is a real valued function.
Here, the bar denotes the complex conjugate. Moreover, by divW = 0, we have(
∂r + C
−1∂rC
)
W (1) = ∂θW
(2),(4.1)
which implies (∂r + C
−1∂rC)w
(1)
0 (r) = 0. Thus we have w
(1)
0 (r) = cC
−1(r) for
some c ∈ R. However if c 6= 0, w
(1)
0 (r) has singularity at r = 0. This is contradict
to the fact that w
(1)
0 (r) is in C
1 class. Thus we have c = 0, namely, w
(1)
0 (r) ≡ 0.
Then we have (
W (1)
)2
−
(
∂θW
(1)
)2
=
∑
k∈Z
∑
n+m=k
(1 + nm)w(1)n w
(1)
m e
ikθ
=
∑
k 6=0
∑
n+m=k
(1 + nm)w(1)n w
(1)
m e
ikθ +
∑
l 6=0
(1− l2)|w
(1)
l |
2.
Therefore, we have
1
2π
∫ pi
−pi
((
W (1)
)2
−
(
∂θW
(1)
)2)
dθ =
∑
l 6=0
(1 − l2)|w
(1)
l |
2 ≤ 0.
Then ∫ pi/2
−pi/2
∫ pi
−pi
−F 2C
((
∂θW
(1)
)2
+ C2
(
∂rW
(1)
)2
−
(
W (1)
)2)
dθdr
≤
∫ pi/2
−pi/2
∫ pi
−pi
−F 2C
((
∂θW
(1)
)2
−
(
W (1)
)2)
dθdr ≤ 0.
This completes the proof. 
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5. Existence of a conjugate point and M-criterion
In Section 3, it is observed that there are many W ∈ TeD
s
µ(M) satisfying
MCV,W > 0 for some fixed zonal flow V (see Proposition 3.2 and Remark 6),
where M is a compact 2-dimensional rotationally symmetric manifold with posi-
tive curvature. Therefore, it seems to be worthwhile clarify more the meaning of
W ∈ TeD
s
µ(M) satisfying MCV,W > 0 in the case that dimM = 2. This is the
main purpose of this section. Moreover, for the completeness, we also give a proof
of M-criterion (Fact 1.1) in the 2D case, which is essentially already proved by
Misio lek. We suppose that M is a compact 2-dimensional Riemannian manifold
without boundary in this section.
For a positive number t0 > 0, we define a subspace K
t0
η and K
t0,⊥
η of TeD
s
µ(M)
by
Kt0η :=
⋃
t∈[0,t0]
Ker
(
TtV e˜xpe : TtV (TeD
s
µ(M)) ≃ TeD
s
µ(M)→ Tη(t)D
s
µ(M)
)
,
Kt0,⊥η := {Z ∈ TeD
s
µ(M) | (Z,Z
′)TeDsµ(M) = 0 for any Z
′ ∈ Kt0η }.
In other words,Kt0,⊥η is the orthogonal complement ofK
t0
η with respect to (, )TeDsµ(M),
which implies thatKt0,⊥η is closed in TeD
s
µ(M) with respect to the topology induced
by (, )TeDsµ(M). We define
Et0,⊥η := e˜xpe(K
t0,⊥
η ) ⊂ D
s
µ(M).(5.1)
The finite-dimensionality of Kt0η and finite-codimensionlity of K
t0,⊥
η in the 2D case
follow from Facts 2.1 and 5.1 given below:
Fact 5.1 ([9, Lemma 3]). Let M be a compact 2-dimensional Riemannian manifold
without boundary. Then any finite geodesic segment in Dsµ(M) contains at most
finitely many conjugate points.
Remark 7. Fact 5.1 implies that, for any t0 > 0, there exist N ∈ N and t1, . . . , tN ∈
[0, t0] such that η(t1), . . . , η(tN ) exhaust all points conjugate to e ∈ D
s
µ(M) along
η(t) for 0 ≤ t ≤ t0. Then we have
Kt0η =
N⋃
j=1
Ker
(
TtjV e˜xpe : TtjV (TeD
s
µ(M)) ≃ TeD
s
µ(M)→ Tη(tj)D
s
µ(M)
)
.
Lemma 5. LetM be a compact 2-dimensional Riemannian manifold without bound-
ary. Then for any t ∈ [0, t0], we have a diffeomorphism
TtV e˜xpe : TtV (K
t0,⊥
η )
∼−→ TtV e˜xpe(TtV (K
t0,⊥
η )).
Proof. Kt0,⊥η ⊂ TeD
s
µ(M) satisfies the following properties for any t ∈ [0, t0]:
(i) TtV (K
t0,⊥
η ) ≃ K
t0,⊥
η is a closed subspace of TtV (TeD
s
µ(M)) ≃ TeD
s
µ(M)
with respect to the topology induced by (, )TeDsµ(M),
(ii) the restriction TtV e˜xpe : TtV (TeD
s
µ(M)) → Tη(t)D
s
µ(M) to TtV (K
t0,⊥
η ) is
injective,
(iii) TtV e˜xpe(TtV (K
t0,⊥
η )) is equal to the image of TtV e˜xpe : TtV (TeD
s
µ(M))→
Tη(t)D
s
µ(M),
(iv) The image of TtV e˜xpe : TtV (TeD
s
µ(M))→ Tη(t)D
s
µ(M) is a closed subspace
of TtV e˜xpe(Tη(t)D
s
µ(M)).
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Firstly, (i) follows from the general fact that the orthogonal complement of some
subspace is closed. Secondaly, (ii) is a consequence of TtV (K
t0,⊥
η )∩Ker(TtV e˜xpe) =
0. Thirdly, the direct sum of TtV (K
t0,⊥
η ) and Ker(TtV e˜xpe) is equal to TtV (TeD
s
µ(M)),
which implies (iii). Finally, since TtV e˜xpe is a Fredholm operator, in particular, has
a closed range by Fact 2.1, we have (iv).
We note that a closed subspace of TeD
s
µ(M) with respect to the topology induced
(, )TeDsµ(M) is also closed in the original topology of TeD
s
µ(M). Therefore, (i) implies
that Xt := TtV (K
t0,⊥
η ) is a Hilbert space. Moreover Yt := TtV e˜xpe(TtV (K
t0,⊥
η )) is
also a Hilbert space by (iii) and (iv). On the other hand, the restriction TtV e˜xpe
to Xt induces a bijective linear map, which is also bounded by Fact 2.1, from Xt
to Yt by (ii). This completes the proof by the open mapping theorem. 
Remark 8. This lemma is not true in the case that dimM = 3, see [3, Section 4].
Recall that we say ξ(r, t) : (−ε, ε)× [0, t0]→ D
s
µ(M) is a two parameter variation
of a geodesic η(t) on Dsµ(M) with fixed endpoints, if it satisfies ξ(r, 0) ≡ η(0),
ξ(r, t0) ≡ η(t0) and ξ(0, t) = η(t). We sometimes write ξr(t) for ξ(r, t).
Proposition 5.2. Let M be a compact 2-dimensional Riemannian manifold with-
out boundary, V ∈ TeD
s
µ(M) a time independent solution of Euler equations (2.6)
on M and η(t) the geodesic on Dsµ(M) corresponding to V . Let ξ(r, t) : (−ε, ε) ×
[0, t0]→ D
s
µ(M) be a two parameter variation of η(t) with fixed endpoints satisfying
Image (ξ) ⊂ Et0,⊥η . Then we have E
′′(η)t00 (X,X) ≥ 0, where X = ∂rξ(r, t)|r=0.
Proof. We almost follow the same strategy in [8, Lemma 3].
Lemma 5 implies that there exists a sufficiently small open neighborhood Ut ⊂
Kt0,⊥η of tV such that Ut ⊂ K
t0,⊥
η is diffeomorphic to e˜xpe(Ut) ⊂ E
t0,⊥
η = e˜xpe(K
t0,⊥
η )
(See [6, Proposition 2.3], for instance) for any t ∈ [0, t0]. In particular, e˜xpe(Ut)
is open in Et0,⊥η and we can define l˜oge := e˜xp
−1
e : e˜xpe(Ut) → Ut. Set U :=⋃
t∈[0,t0]
Ut, then we have tV ∈ U for any t ∈ [0, t0] because tV ∈ Ut ⊂ U . Thus, we
have e˜xpe(tV ) ∈ e˜xpe(U), namely, ξ(0, t) = η(t) ∈ e˜xpe(U). Then, we can assume
Image (ξ) ⊂ e˜xpe(U) by taking smaller ε > 0 because e˜xpe(U) is open in E
t0,⊥
η
and Image (ξ) is contained in Et0,⊥η by the assumption. Therefore we can define
a curve cr(t) := l˜ogeξr(t) and ℓr(t) := |cr(t)| =
√
(cr(t), cr(t))TeDsµ(M). Then we
have ℓr(0) = 0, ℓr(t0) = t0|V | and cr(t) = ℓ(t)
cr(t)
|cr(t)|
. Thus, we obtain
c˙r(t) = ℓ˙r(t)
cr(t)
|cr(t)|
+ ℓr(t)
d
dt
(
cr(t)
|cr(t)|
)
.
Then, for any r ∈ (−ε, ε), we have
|ξ˙r(t)| =
∣∣∣∣ ddt (e˜xpecr(t))
∣∣∣∣ = ∣∣Tcr(t)e˜xpe(c˙r(t))∣∣ = |c˙r(t)| ≥ ℓ˙r(t)2.
In the third equality, we used Gauss’s lemma or [9, Lemma 2]. Then, by (2.5) and
the Cauchy-Schwartz inequality, we have
E(ξr) ≥
1
2
∫ t0
0
ℓ˙r(t)
2dt =
1
2t0
(∫ t0
0
ℓ˙r(t)
2dt
)(∫ t0
0
12dt
)
≥
1
2t0
(∫ t0
0
ℓ˙r(t)dt
)2
=
t0
2
|V |2
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= E(η)
for any r ∈ (−ε, ε). This implies E′′(η)t00 (X,X) ≥ 0. 
Recall that
tV,W,k := π
√
k
MCV,W
, fV,W,k(t) := sin
(
t
√
MCV,W
k
)
,
W˜ kη(t) := fV,W,k(t)(W ◦ η(t)) ∈ Tη(t)D
s
µ(M)
for W ∈ TeD
s
µ(M) satisfying MCV,W > 0 and k ∈ R>0.
Corollary 5.3. Let M be a compact n-dimensional Riemannian manifold without
boundary and s > 2 + n2 . Suppose that V ∈ TeD
s
µ(M) is a time independent
solution of (2.6) and that W ∈ TeD
s
µ(M) satisfies MCV,W > 0. Take the geodesic
η(t) on Dsµ(M) corresponding to V and define a two parameter variation ξ
k(r, t) :
(−ε, ε)×[0, tV,W,k]→ D
s
µ(M) of η(t) with fixed endpoints by ξ
k
r (t) := e˜xpη(t)(rW˜
k).
Then we have {ξkr (t) | t ∈ [0, tV,W,k] |r| ≪ 1} 6⊂ E
tV,W,k,⊥
η for any k > 1.
Proof. Suppose that the contrary, namely, {ξkr (t) | t ∈ [0, tW,k]|r| ≪ 1} ⊂ E
tV,W,k,⊥
η .
Then we have E′′(η)
tV,W,k
0 (W˜
k, W˜ k) ≥ 0 by Proposition 5.2. However, this contra-
dicts Corollary 2.3. 
Corollary 5.4. (Existence of a conjugate point, M-critetion) Let M be a compact
2-dimensional Riemannian manifold without boundary and s > 2+ n2 . Suppose that
V ∈ TeD
s
µ(M) is a time independent solution of Euler equations (2.6) on M . Take
the geodesic η(t) on Dsµ(M) corresponding to V . If there exists a W0 ∈ TeD
s
µ(M)
satisfying MCV,W0 > 0, there exists a point conjugate to e ∈ D
s
µ(M) along η(t) for
0 ≤ t ≤ tV,W0,1.
Proof. Suppose that there are no points conjugate to e ∈ Dsµ(M) along η(t) for
0 ≤ t ≤ tV,W0,k for k > 1. Then K
tV,W0,k
η = 0 and K
tV,W0,k,⊥
η = TeD
s
µ(M). In par-
ticular, Image(ξk) ⊂ E
tV,W0,k,⊥
η = e˜xpe(TeD
s
µ(M)), where ξ
k(r, t) := e˜xpη(t)(rW˜
k).
Therefore Proposition 5.2 implies E′′(η)
tV,W0 ,k
0 (W˜
k
0 , W˜
k
0 ) ≥ 0. On the other hand,
we have E′′(η)
tV,W0 ,k
0 (W˜
k
0 , W˜
k
0 ) < 0 by Corollary 2.3. This contradiction implies
that there exists a point conjugate to e ∈ Dsµ(M) along η(t) on 0 ≤ t ≤ tV,W0,k for
any k > 1. Taking a limit, we have the corollary. 
Corollary 5.5. Let M be a compact 2-dimensional Riemannian manifold without
boundary and s > 2+ n2 . Suppose that V ∈ TeD
s
µ(M) is a time independent solution
of Euler equations (2.6) on M and take η(t) the geodesic on Dsµ(M) corresponding
to V . Then, sup{MCV,W |W ∈ TeD
s
µ(M)} <∞.
Proof. By Fact 5.1, there exists t∗ > 0 such that there are no points conjugate to
e ∈ Dsµ(M) along η(t) for 0 ≤ t ≤ t
∗. On the other hand, by Corollary 5.4, if
W ∈ TeD
s
µ(M) satisfies MCV,W > 0, there exists a point conjugate to e ∈ D
s
µ(M)
along η(t) for 0 ≤ t ≤ tV,W,1. Thus we have tV,W,1 = π
√
1
MCV,W
> t∗ > 0. This
implies the corollary. 
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